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Abstract
It is shown that on weakly compactly generated Banach spaces which admit a Lipschitz, Cp smooth
bump function, one can uniformly approximate uniformly continuous, bounded, real-valued functions by
Lipschitz, Cp smooth functions. This provides a ‘Lipschitz version’ of the classical approximation results
of Godefroy, Troyanski, Whitfield and Zizler.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In this note we consider the problem of uniformly approximating continuous, real-valued
functions on Banach spaces X by certain smooth functions. This problem has a long history,
beginning with the work of Kurzweil [14] and continuing through to the present (see e.g., [8,11]
and further references below). The preferred method for approaching such smooth approximation
problems has been via smooth partitions of unity. Indeed, the ability to uniformly approximate
arbitrary continuous functions on X by Cp smooth functions is equivalent to the existence of Cp
smooth partitions of unity on X (see e.g., [8]). In this vein, for Banach spaces X admitting a Cp
smooth bump function (a Cp smooth function with bounded, nonempty support), the existence of
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R. Fry / Journal of Functional Analysis 252 (2007) 34–41 35Cp smooth partitions of unity has been established in fairly wide classes of spaces. For example,
when X is separable this was shown by Bonic and Frampton [6], and this was later generalized
to weakly compactly generated spaces [12] (see also [8,17]).
One of the drawbacks of employing partitions of unity is that it is very difficult to arrange
for the approximating function to possess nice properties in addition to basic smoothness. For
example, if one wishes the smooth approximate to be convex or a norm, then other techniques
are generally required (see e.g., [16]). The situation in which one requires the approximate to be
Lipschitz as well as smooth was addressed in a series of recent papers [4,5,9,10]. In particular,
it was shown in [4] that for separable Banach spaces X admitting a Lipschitz, Cp smooth bump
function, the uniform approximation of uniformly continuous, bounded, real-valued functions f
by Lipschitz, Cp smooth functions g is possible (we note that the uniform continuity of f and
the existence of a Lipschitz, Cp smooth bump function on X are necessary). In [10] it was
proved that the boundedness condition on f above can be dropped if X has an unconditional
Schauder basis, and moreover in this case that if f is Lipschitz, then the Lipschitz constant of
the approximate g is independent of the ε-precision in the approximation of g to f . A related
result was shown in [5] where it was proven in particular that for a separable Hilbert space, the
approximate g can be chosen Lipschitz and C∞ smooth with Lipschitz constant arbitrarily close
to the Lipschitz constant of f .
Part of the reason for the interest in such smooth, Lipschitz approximations is their importance
in the construction of deleting diffeomorphisms on Banach spaces (see e.g., [2]), and their use in
smooth variational principles on infinite dimensional Hilbert manifolds [3,5].
However, aside from the p = 1 case in Hilbert or superreflexive spaces (see e.g., [7,15]),
all the results stated above concerning Lipschitz, Cp smooth approximation are for separable
Banach spaces. The purpose of this note is to extend some of these results to the nonseparable,
weakly compactly generated case. In this light, for the real-valued case, the particular result of [4]
mentioned above can be seen as a ‘Lipschitz version’ of the classical approximation work of [6],
while the present paper can be seen as a ‘Lipschitz version’ of the (implicit) approximation result
of [12]. To our knowledge, even for the C2 smooth case in nonseparable Hilbert space the results
herein are new. Finally, we show how the result of [12] can be obtained from our main result.
2. Main results
The notation we use is standard, with X typically denoting a Banach space. Smoothness here
is meant in the Fréchet sense and function shall mean real-valued function. X is said to be weakly
compactly generated (WCG) if there exists a weakly compact set K ⊂ X with span(K) = X.
This class includes the separable and reflexive Banach spaces.
A Banach space X is said to admit a separable projectional resolution of the identity (SPRI),
if for the first ordinal μ with card(μ) = dens(X), there exist continuous linear projections,
{Qα: α ∈ Γ }, where Γ = [ω0,μ], so that if we set Rα = (Qα+1 − Qa)/(‖Qα+1‖ + ‖Qα‖),
we have
(i) QαQβ = Qmin(α,β);
(ii) (Qα+1 − Qα)(X) is separable for all α ∈ Γ ;
(iii) For all x ∈ X, {‖Rα(x)‖}α ∈ c0(Γ );
(iv) For all x ∈ X, x ∈ span{Rα(x): α < μ}.
One of the keys to our result is the following fundamental theorem of Haydon.
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such that if U(L) is the open subset
{
(f, x) ∈ l∞(L) ⊕ c0(L): max
{‖f ‖∞,‖x‖∞}<
∥∥∥∥|f | + 12 |x|
∥∥∥∥∞
}
,
then ‖(·,·)‖ is C∞ smooth on U(L) and depends locally on only finitely many nonzero coordi-
nates there.
We shall also require the following deep result of Amir and Lindenstrauss (see also [18]).
Theorem 2. (See [1].) If X is a WCG Banach space, then X admits a separable projectional
resolution of the identity.
Finally, we will need to use the next result, which is implicitly proved in [8, Proposition II.5.1].
Proposition 1. Let Z be a Banach space. The following assertions are equivalent:
(1) Z admits a Cp-smooth Lipschitz bump function.
(2) There exist numbers a, b > 0 and a Lipschitz function μ :Z → [0,∞) which is Cp-smooth
on Z \{0}, homogeneous (that is μ(tx) = |t |μ(x) for all t ∈ R, x ∈ Z), and such that a‖·‖
μ b‖ · ‖.
Theorem 3. Let X be a WCG Banach space which admits a Lipschitz, Cp smooth bump function.
Let ε > 0, G ⊂ X an open subset and F :G → R a uniformly continuous and bounded function.
Then there exists a Lipschitz, Cp smooth function K on G with |F(x) − K(x)| < ε for x ∈ G.
Proof. To simplify the proof, we shall take G = X, leaving the slight technical adjustments
to accommodate a general open subset G ⊂ X to the reader. In our use of Theorem 1, we
may assume that for some A > 1 we have ‖(·,·)‖∞  ‖(·,·)‖ A‖(·,·)‖∞, where ‖(f, x)‖∞ =
max{‖f ‖∞,‖x‖∞}. Because F is bounded, for the purposes of approximation we may and do
assume that F > 0 by adding a suitable positive constant if necessary. We may suppose that X is
nonseparable (see the remark at the end of this note), and given that X is WCG, by Theorem 2 we
let {Qα}α∈Γ be an SPRI on X, and let F be the collection of all finite, non-empty subsets of Γ .
Our goal shall be to construct appropriate maps S :X → l∞(F × N2) and T :X → c0(F × N2)
for use in applying Theorem 1.
According to Proposition 1, because X has a Cp-smooth Lipschitz bump function, there is a
Lipschitz and Cp-smooth function μ on X \ {0}, and there is a number M  1 such that 1
M
‖x‖
μ(x) M‖x‖ for all x ∈ X, and ‖μ′(x)‖ M for all x ∈ X \ {0}. We use the above notation
throughout this proof.
Let ε > 0, and via uniform continuity, choose δ ∈ (0,2) so that ‖x − x′‖ < 2δM implies
|F(x) − F(x′)| < ε/A.
Using property (ii) of an SPRI, for each K ∈ F pick a dense sequence, {xKn }∞n=1 ⊂ XK =
span{Rα(X): α ∈ K ∈F}.
Let ζ ∈ C∞(R, [0,1]) be such that ζ(t) = 0 for t  2δ, ζ(t) = 1 for t  δ and 0  ζ ′ 
2/δ ≡ C (note that C > 1).
Put gKn (x) = ζ(μ(x − xKn )), and then define S :X → l∞(F×N2) by
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noting that (Sx)(K,n,m)  1 since ζ  1.
Let ν ∈ C∞(R, [0,1]) be such that ν(t) = 0 for t  1, ν(t) > 0 for t > 1, and 0 ν′  3.
Now define T :X → c0(F×N2) by
(T x)(K,n,m) =
(
1
nm|K|
∏
α∈K
ν
(
mμ
(
Rα(x)
)))
(Sx)(K,n,m).
Let us first see that T maps into c0(F×N2). Let ε > 0, fix x ∈ X and fix N with 1/N < ε. Now
max{n,m} > N implies (T x)(K,n,m) < ε since ν  1 and (Sx)(K,n,m)  1. Next, by property (iii)
of an SPRI, for each l ∈ N, let Fl be a finite subset of F such that α /∈ Fl implies ‖Rα(x)‖ <
1/lM , which implies ν(lμ(Rα(x))) = 0. Finally, let
S = {(K,n,m) ∈F×N2: n,mN, K ⊂ Fm}.
Then S is finite, and (K,n,m) /∈ S implies (T x)(K,n,m) < ε.
Next, fix (K,n,m) and consider the coordinate function x → (Sx)(K,n,m). Observe that
∥∥(Sx)′(K,n,m)∥∥= ∥∥ζ ′(μ(x − xKn ))μ′(x − xKn )∥∥ CM.
It follows that for any x, x′ ∈ X,
∣∣(Sx)(K,n,m) − (Sx′)(K,n,m)∣∣ CM‖x − x′‖,
and so S :X → l∞(F×N2) is continuous.
Moreover, since each coordinate function x → (Sx)(K,n,m) is Lipschitz with constant inde-
pendent of (K,n,m), S :X → l∞(F×N2) is Lipschitz.
Next we have
(T x)′(K,n,m) =
1
nm|K|
∑
β∈K
[ ∏
α 
=β∈K
ν
(
mμ
(
Rα(x)
))
× ν′(mμ(Rβ(x)))mμ′(Rβ(x))(R′β(x))
]
(Sx)(K,n,m)
+
(
1
nm|K|
∏
α∈K
ν
(
mμ
(
Rα(x)
)))
(Sx)′(K,n,m),
from which it follows that
∥∥(T x)′(K,n,m)∥∥ 1nm|K|
∑
β∈K
[ ∏
α 
=β∈K
ν
(
mμ
(
Rα(x)
))
× ν′(mμ(Rβ(x)))m∥∥μ′(Rβ(x))∥∥∥∥R′β(x)∥∥
]∣∣(Sx)(K,n,m)∣∣
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nm|K|
∏
α∈K
ν
(
mμ
(
Rα(x)
))∥∥(Sx)′(K,n,m)∥∥
 1
nm|K|
∑
β∈K
3mM‖Rβ‖ + CM < 3CM + CM = 4CM,
where have used C > 1, ν  1, ν′  3, ‖μ′‖M , and ‖Rβ‖ 1 for all β ∈ Γ .
Hence for each coordinate,
∣∣(T x)(K,n,m) − (T x′)(K,n,m)∣∣ 4CM‖x − x′‖,
implying T :X → c0(F×N2) is continuous and, as above, we have that each coordinate func-
tion x → (T x)(K,n,m) is Lipschitz with constant independent of (K,n,m), and so T :X →
c0(F×N2) is also Lipschitz.
Now for each fixed x ∈ X, by property (iv) of an SPRI, there exist K and n with ‖x − xKn ‖ <
δ/M and Rα(x) 
= 0 for all α ∈ K . It follows that for this K and n, and any m, (Sx)(K,n,m) =
ζ(μ(x − xKn )) = 1, and so ‖Sx‖∞ = 1 since ‖Sx‖∞  1.
Moreover, from the definition of ν, for sufficiently large m ∈ N we have ν(mμ(Rα(x))) > 0
for all α ∈ K , and so for this choice of (K,n,m),
(T x)(K,n,m) =
(
1
nm|K|
∏
α∈K
ν
(
mμ
(
Rα(x)
)))
(Sx)(K,n,m)
= 1
nm|K|
∏
α∈K
ν
(
mμ
(
Rα(x)
))
> 0.
From the observations immediately above, with the same choice of (K,n,m) for the given x, it
follows that
‖Sx‖∞ = (Sx)(K,n,m) < (Sx)(K,n,m) + 12 (T x)(K,n,m) 
∥∥∥∥Sx + 12T x
∥∥∥∥∞. (2.1)
Next, since for any x ∈ X there exists (K,n,m) with (T x)(K,n,m) > 0, we have for such
(K,n,m)
(T x)(K,n,m) =
(
1
nm|K|
∏
α∈K
ν
(
m
∥∥Rα(x)∥∥)
)
(Sx)(K,n,m)  (Sx)(K,n,m)
< (Sx)(K,n,m) + 12 (T x)(K,n,m),
and hence (T x)(K,n,m) < ‖Sx + 12T x‖∞. That we may replace (T x)(K,n,m) in this last inequality
with ‖T x‖∞ while maintaining the strictness of the inequality follows from the fact that T maps
into c0(F×N2); and therefore we have
‖T x‖∞ <
∥∥∥∥Sx + 1T x
∥∥∥∥ . (2.2)2 ∞
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and (2.2) above show that φ maps into U(F×N2) (see Theorem 1), and moreover, given that
both T and S are Lipschitz, we have that φ is Lipschitz as well.
Next let ‖(·,·)‖ be the C∞ smooth norm on l∞(F×N2)⊕ c0(F×N2) as given by Theorem 1.
Since as shown φ is continuous and maps into the open subset U(F×N2), we have that the
composition ‖φ(x)‖ is Cp smooth given that both S and T are coordinatewise Cp smooth, and on
U(F×N2) the norm ‖(·,·)‖ depends locally on only finitely many nonzero coordinates. We also
note that ‖φ(x)‖A‖φ(x)‖∞ = Amax{‖Sx‖∞,‖T x‖∞}A, since ‖T x‖∞  ‖Sx‖∞  1.
Finally, define
K(x) = ‖(F (x
K
n )φ(x))(K,n,m)‖
‖φ(x)‖ .
Because F > 0, the numerator of K is Cp smooth given that x → ‖φ(x)‖ is Cp smooth. Recall
that for any x ∈ X we have ‖Sx‖∞ = 1, and hence ‖φ(x)‖ ‖(Sx,T x)‖∞  ‖Sx‖∞ = 1, and
so K is Cp smooth.
Now, given that φ is Lipschitz, so is the composition ‖φ(x)‖. To see that K is Lipschitz, we
observe that the numerator of K is Lipschitz given that φ is Lipschitz and F is bounded, while as
noted the denominator ‖φ(x)‖ is Lipschitz and bounded below by 1, and so the quotient function
K is Lipschitz.
We finally show that |K − F | < ε. To this end fix x ∈ X and let
C = {(K,n) ∈F×N: μ(x − xKn )< 2δ}.
Note that if (K,n) /∈ C, then gKn (x) = 0, and hence (Sx)(K,n,m) = 0 for all m, from which it
follows that φ(x)(K,n,m) = 0. On the other hand, for (K,n) ∈ C, we have |F(x)−F(xKn )| < ε/A.
Now we estimate (using F  0)
∣∣K(x) − F(x)∣∣=
∣∣∣∣‖(F (x
K
n )φ(x))(K,n,m)‖
‖φ(x)‖ − F(x)
‖(φ(x))(K,n,m)‖
‖φ(x)‖
∣∣∣∣
=
∣∣∣∣‖(F (x
K
n )φ(x))(K,n,m)‖
‖φ(x)‖ −
‖(F (x)φ(x))(K,n,m)‖
‖φ(x)‖
∣∣∣∣
 1‖φ(x)‖
(∥∥((F(x) − F (xKn ))φ(x))(K,n,m)
∥∥).
Since only those coordinates in C survive, we obtain (using 1 ‖φ(x)‖A‖φ(x)‖∞ A)
∣∣K(x) − F(x)∣∣ 1‖φ(x)‖
(∥∥((F(x) − F (xKn ))φ(x))(K,n,m)
∥∥)
 1‖φ(x)‖
(
A
∥∥((F(x) − F (xKn ))φ(x))(K,n,m)
∥∥∞)
 1‖φ(x)‖A sup(K,n,m)∈C×N
{(∣∣F(x) − F (xKn )∣∣φ(x))(K,n,m)}
<
1
‖φ(x)‖
(
A
ε
A
∥∥φ(x)∥∥∞
)
 ε. 
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function. Then X admits Cp smooth partitions of unity.
Proof. First note that if X admits (merely) a Cp smooth bump function, then a non-Lipschitz
version of Proposition 1 holds (see [8, II.5.1]), and can be employed in the proof of Theorem 3
(with all other hypothesis as before) to arrive at the same conclusion except that the Lipschitz
property of K will no longer hold in general.
Next, let A ⊂ X be open and bounded, and set ρ(x) = dist(x,X\A). Note that ρ is uniformly
continuous, and since A is bounded, ρ is bounded. Now our ‘modified’ version of Theorem 3
described above can be applied to ρ to produce Cp smooth, uniform approximates. Finally, an
examination of the proof of [8, Theorem VIII.3.12] shows that the uniform smooth approximation
of such ρ is sufficient to conclude that X admits Cp smooth partitions of unity. 
We note that in general it is not possible to establish Theorem 3 from Corollary 1, since while
the existence of Cp smooth partitions of unity implies (in particular) that uniformly continuous
functions can be uniformly approximated by Cp smooth functions, these latter functions are not
generally Lipschitz.
Remark. A version of Theorem 3 for separable X is given in [4] (see also [9]) which does not
use the results of Haydon [13] or Amir and Lindenstrauss [1].
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